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Abstract: The paper presents the maximal set and three efficient sets in the decision-making
systems with finitely many criteria. Here, we study some properties of these optimality sets -
maximal and efficient. In the end, it is proved that the efficient set is nonempty, path-
connected and compact, if the utility functions are continuous, concave and strictly quasi-
concave.
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1. Introduction

Let a decision-making system ( )C,A  be given. In this system, we have that:
- The set A  is a set of alternatives, 1A > .

- The set C  is a finite set of criteria, 2nC ≥= .

Let n
1k

k }R{ =  be a profile of preference of binary relation on A  (from set A  to itself)
and kR  a relation to a criterion Cck ∈  representing “more preferred than” or “dominates”
with respect to a criterion Cck ∈ . Therefore, each criterion Cck ∈  has the relation kR  such
that for every two alternatives Ay,x ∈  there is yxRi  if and only if an alternative x
dominates an alternative y  to a criterion Cck ∈  (preferences x  by y ), see [1] and [4].

Let any relation kR  be reflective (if Ax ∈ , then xxRk ), transitive (if Az,y,x ∈ ,
yxRi  and zyRi , then zxRi ) and complete (if Ay,x ∈ , then yxRi  holds or xyRi  holds).

Let denote the asymmetric part of relation kR  by relation kP  (for Ay,x ∈  there is
yxPk  if and only if yxRk  holds and xyRk  does not hold). The relation kP  to a criterion
Cck ∈  is transitive (if Az,y,x ∈ , yxPk  and zyPk , then zxPk ).

Let denote the symmetric part of relation kR  by relation kI  (for Ay,x ∈  there is
yxI k  if and only if yxRk  and xyRk  hold). The relation kI  to a criterion Cck ∈  is reflective

(if Ax ∈ , then xxI k ) and transitive (if Az,y,x ∈ , yxI k  and zyI k , then zxI k ).

For each Cck ∈  and Ax ∈  let also have that:
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- The set }xyR:Ay{)x(R k
k ∈=  is called a set of weakly preference to a criterion

Cck ∈  (it is also called the upper contour set). The sets )x(Rk  and !n
1k k )x(R=

are nonempty subsets of A , )x(Rx k∈ , !n
1k k )x(Rx =∈ .

- The set }xyP:Ay{)x(P k
k ∈=  is called a set of strictly preference to a criterion

Cck ∈ . The sets )x(Pk  and !n
1k k )x(P=  can be empty, )x(Px k∉ ,

!n
1k k )x(Px =∉ .

- The set }xyI:Ay{)x(I k
k ∈=  is called a set of indifference to a criterion

Cck ∈ . The sets )x(I k  and !n
1k k )x(I=  are nonempty subsets of A , )x(Ix k∈ ,

!n
1k k )x(Ix =∈ .

- The set }yxR:Ay{)x(L k
k ∈=  is called the lower contour set. The sets )x(Lk

and "n
1k k )x(L=  are nonempty subsets of A , )x(Lx k∈ , "n

1k k )x(Lx =∈ .

It is easy to see that )x(R)x(I kk ⊂ , )x(R)x(P kk ⊂ , )x(L)x(I kk ⊂ ,
)x(I)x(L)x(R kkk =! , )x(P)x(I)x(R kkk "= , and )x(P)x(I kk !  is empty.

2. For maximal and efficient sets

An alternative Ax ∈  is called a maximal alternative in A  if and only if there is yxRk

for all Ay ∈  and all Cck ∈ . The set of the maximal alternatives in A  we shall denote by M .
The set M  is also called a maximal set.

It is easy to see that:
- If Ax ∈ , then Mx ∈  ⇔  !n

1k k )y(Rx =∈  for all Ay ∈ .

An alternative Ax ∈  weakly dominates an alternative Ay ∈  if and only if yxRk  for
all Cck ∈  and yx ≠ . We call that the alternative Ax ∈  is weakly efficient if and only if
there does not exist alternative Ay ∈  such that y  weakly dominates x . The set of weakly
efficient alternatives of A  we shall denote by wE .

It is easy to see that:
- If Ay,x ∈ , then y  weakly dominates x  ⇔  }x{\)x(Ry n

1k k! =∈ .
- If Ax ∈ , then wEx ∈  ⇔  !n

1k k )x(R}x{ == .

- If Ax ∈ , then wEx ∈  ⇔  1)x(Rn
1k k ==! .

An alternative Ax ∈  dominates an alternative Ay ∈  if and only if yxRk  for all
Cck ∈  and yxP j  for some Cc j ∈ . We call that the alternative Ax ∈  is efficient if and only

if there does not exist alternative Ay ∈  such that y  dominates x . The set of efficient
alternatives of A  we shall denote by E .

This is a standard definition of the efficient criterion [7] [12] [17].
It is easy to see that:
- If Ay,x ∈ , then y  dominates x  ⇔  "!! n

1k k
n

1k k )x(P)x(Ry ==∈ .
- If Ax ∈ , then Ex ∈  ⇔  !! n

1k k
n

1k k )x(I)x(R == = .
- EM ⊂ .
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An alternative Ax ∈  strictly dominates an alternative Ay ∈  if and only if yxPk  for
all Cck ∈ . We call that the alternative Ax ∈  is strictly efficient if and only if there does not
exist alternative Ay ∈  such that y  strictly dominates x . The set of strictly efficient
alternatives of A  we shall denote by sE .

It is easy to see that:
- If Ay,x ∈ , then y  strictly dominates x  ⇔  !n

1k k )x(Py =∈ .
- If Ax ∈ , then sEx ∈  ⇔  the set !n

1k k )x(P=  is empty.
- If Ax ∈ , then sEx ∈  ⇔  "! n

1k k
n

1k k )x(I)x(R == ⊂ .
- If Ax ∈ , then sEx ∈  ⇔  "n

1k k A)x(L= = .

These problems are also considered in [10]. The maximal set and efficient sets are also
called optimality sets.

3. Some properties of the optimality sets

On the basic of definitions it is easy to show that:
- The set M  can be empty or nonempty.
- If M  is nonempty, then EM = .

Theorem 1 [10, Theorem 6]. (a) If wEx ∈  and !n
1k k )x(Ry =∈ , then yx = .

(b) If Ex ∈  and !n
1k k )x(Ry =∈ , then Ey ∈  and !n

1k k )x(Iy =∈ .
(c) If sEx ∈  and !n

1k k )x(Ry =∈ , then sEy ∈  and "n
1k k )x(Iy =∈ .

Analogously, we also obtain the following statements:
- If Mx ∈  and !

n
1k k )x(Ry =∈ , then My ∈  and !

n
1k k )x(Iy =∈ .

- If Mx ∈ , then !!
n

1k k
n

1k k )x(I)x(R == = .
- If My,x ∈ , then !!!!

n
1k k

n
1k k

n
1k k

n
1k k )y(I)y(R)x(I)x(R ==== === .

Theorem 2 [10, Theorem 8]. sw EEE ⊂⊂ .

Now let assume that mRA ⊂ , 1m ≥ , and A  be convex.

A relation kR  is quasi-concave on A  if and only if the set )x(Rk  is convex for all
Ax ∈  ( )x(Ry k∈  and ]1;0[t ∈  implies )x(Ry)t1(tx k∈−+ ). A relation kR  is strictly

quasi-concave on A  if and only if the set )x(Rk  is strictly convex for all Ax ∈  ( )x(Ry k∈ ,
yx ≠  and )1;0(t ∈  implies )x(Py)t1(tx k∈−+ ).

Theorem 3. (a) If the relations n
1k

k }R{ =  are quasi-concave on A  and there exists a
unique relation λR  of n

1k
k }R{ =  which is strictly quasi-concave on A , then EEw = .

(b) If the relations n
1k

k }R{ =  are strictly quasi-concave on A , then sw EE = .
Proof. (a) From Theorem 2 it is known that EEw ⊂ .
Conversely, let Ex ∈  and assume that wEx ∉ . Therefore, there exists Ay ∈  such that

!n
1k k )x(Ry =∈  and yx ≠ . Let )1;0(t ∈  and y)t1(txz −+= . From condition the relations

n
1k

k }R{ =  are quasi-concave it follows that !n
1k k )x(Rz =∈ . From condition the relation λR  is
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strictly quasi-concave it follows that )x(Pz k∈ . As a result, we obtain !n
1k k )x(Iz =∉ . This

contradicts condition !! n
1k k

n
1k k )x(I)x(R == = . Hence, we have that wEE ⊂ .

Finally, we obtain EEw = .
(b) From Theorem 2 it is known that sw EE ⊂ .
Conversely, let sEx ∈  and assume that wEx ∉ . Therefore, there exists Ay ∈  such

that !n
1k k )x(Ry =∈  and yx ≠ . Let )1;0(t ∈  and y)t1(txz −+= . From condition the

relations n
1k

k }R{ =  are strictly quasi-concave it follows that !n
1k k )x(Pz =∈ . This contradicts

condition sEx ∈ . Hence, we have that ws EE ⊂ .
Finally, we obtain sw EE = . The theorem is proved.

From this theorem it is clear that if the relations n
1k

k }R{ =  are strictly quasi-concave on
A , then sw EEE == .

4. For utility functions

In this section, let assume that mRA ⊂ , 1m ≥ .

Let d  be a metric in mR  and τ  be a usual topology for mR , see [6].
- In a topological space ),R( m τ , a point mRx ∈  is called a limit point of mRX ⊂

if and only if for each τ∈T  such that Tx ∈  and XT !  is nonempty. The union
of X  and the set of all its limit points is called its closure and denote by clX . A
point Xx ∈  is called an interior point of X  if and only if there exists τ∈T  such
that XTx ⊂∈ . We denote the set of the interior points of X  by inX . A point

mRx ∈  is called a boundary point of X  if and only if for each τ∈T  such that
Tx ∈ , XT !  and )X\R(T m!  are nonempty. We denote the set of the boundary

points of X  by boX .
- In a topological space ),R( m τ , a set X  is called a connected if and only if it is

not the union of a pair of nonempty sets of τ  which are disjoint, a set X  is called
a path-connected if and only if for any Xy,x ∈  there exists a continuous function

X]1;0[:f →  such that x)0(f =  and y)1(f = .

It is known that every relation kR  is reflective, transitive and complete therefore a set
A  is totally preordered by kR .

Let also assume that the set A  be connected.

Remark 1. If the set A  is convex, then it is path-connected. If the set A  is path-
connected, then it is connected [6].

A relation kR  is closed if and only if the sets }yxR:Ay{ k∈  and }xyR:Ay{ k∈  are
closed for all Ax ∈ .

Let also assume that the binary relation n
1k

k }R{ =  be closed.

Theorem 4 [2] [5, Theorem 9]. If the set A  is a connected set totally preordered by
closed relation kR , then there exists a continuous utility function RA:uk →  such that for
every Ay,x ∈  there is yxRk  ⇔  )y(u)x(u kk ≥ .
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One of the most important topological concepts is that of continuity of the utility
functions n

1kk }u{ = .

Let also assume that the set A  be compact.

Remark 2. For the utility functions n
1kk }u{ =  and the optimality sets, it is clear to prove

that:
- )A,umax(ArgM n

1k k! == .
- E)A,umax(Arg n

1k k ⊂∑ = .
- s

n
1k k E)A,umax(Arg ⊂="

Theorem 5. The set sE  is nonempty compact.
Proof. Let have a convergent sequence AE}x{ s1ii ⊂⊂∞

=  and 0ii
xxlim =

∞→
. We know

that the set A  is compact therefore there is Ax0 ∈ . We will see that s0 Ex ∈ .
Let assume that Ex0 ∉ . Then, there exists an alternative Ay ∈  such that

)x(u)y(u 0kk >  for all ]n;1[k ∈ .
Let choose ∞

=∈ 1iij }x{x . We will see that there exists a number ]n;1[k ∈  such that
)x(u)y(u jkk ≤ . Let assume that )x(u)y(u jkk >  for all ]n;1[k ∈ . This contradicts

condition sj Ex ∈  therefore we have that there exists a number ]n;1[k ∈  such that
)x(u)y(u jkk ≤ .

Hence, there exist a number ]n;1[k ∈  and a sequence ∞
=

∞
= ⊂′ 1ii1ii }x{}x{  such that

)x(u)y(u ikk ′≤ . We have that 0ii
xxlim =

∞→
 therefore we obtain 0ii

xxlim =′
∞→

. The function ku  is

continuous on A  it follows that )y(u)x(u)x(ulim k0kiki
≥=′

∞→
. This contradicts condition

)x(u)y(u 0kk > .
In result, we obtain s0 Ex ∈  therefore sE  is closed subset of compact set A . Finally,

we obtain the set sE  is compact.
From Remark 2 it follows that the set sE  is nonempty. The theorem is proved.

From this theorem it is clear that sw EclEclE ⊂⊂ .

Let denote a function nRA:U →  such that ))x(u),...,x(u),x(u()x(U n21=  for all
Ax ∈ . Thus, we obtain a multi-objective optimization problem

Maximize )x(U
Subject to Ax ∈ .

In [3], it is also written that an alternative Ax ∈  is called an efficient alternative if and
only if there does not exist Ay ∈  such that )x(U)y(U ≥  and )x(U)y(U ≠ . If the set M  is
nonempty, then 1M ≥  and 1)M(U = . See also [11] and [13].

Remark 3. From Remark 2 it follows that the set E  is nonempty. The set wE  can be
empty or nonempty.

Theorem 6. If Ax ∈ , then there exists Ey ∈  such that !n
1k k )x(Ry =∈ .
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Proof. We shall use a hierarchical method in multi-objective optimization problem
[14]. The approach is to rank these to in order of importance n21 u,...,u,u . The problem is
optimized on A  with respect to 1u  only and we obtain ))x(R,umax(ArgX n

1k k11 ! == , the set

1X  is nonempty and compact. It is then optimized on 1X  with respect to 2u  only and we
obtain )X,umax(ArgX 122 = , the set 2X  is nonempty and compact. It is then optimized on

2X  with respect to 3u  only and we obtain )X,umax(ArgX 233 = , and so on. Finally, we
obtain )X,umax(ArgX 1nnn −= , the set nX  is nonempty and compact. We also have that

AX...XX 11nn ⊂⊂⊂⊂ − . For this method, see also [8] and [9]. It is proved that EX n ⊂
therefore if nXy ∈ , then Ey ∈  and !n

1k k )x(Ry =∈  [15]. The theorem is proved.

Theorem 7. If 1E = , then EM = .
Proof. It is known that EM ⊂ .
Conversely, let Ex ∈  and assume that Mx ∉ . From condition 1E =  it follows that

}x{E =  and the set M  is empty. Therefore, the set )A,umax(Argn
1k k! =  is empty. Then,

there exists )n;1[j ∈  such that a set )A,umax(Arg1j
1k k! +

=  is empty and a set
)A,umax(Argj

1k k! =  is nonempty. Let )A,umax(Argy j
1k k! =∈  and )A,umax(Argz 1j+∈ .

From Theorem 6 it follows that !
n

1k k )y(Rx =∈  and !
n

1k k )z(Rx =∈ . As a result, we obtain
)y(u)x(u kk =  for all )j;1[k ∈  and )z(u)x(u 1j1j ++ = . Thus, we have that

)A,umax(Argx 1j
1k k!

+
=∈ . This lead to a contradiction therefore there is ME ⊂ .
Finally, we obtain EM = . The theorem is proved.

Corollary 1. The following statements are equivalent:
- The maximum set M  is empty.
- EM ≠ .
Proof. From Remark 3 and Theorem 7 it follows the proof of this corollary.

Corollary 2. The following statements are equivalent:
- The maximum set M  is nonempty.
- EM = .
Proof. From definitions and Theorem 7 it follows the proof of this corollary.

Corollary 3. (a) If My,x ∈ , then )y(u)x(u kk =  for all ]n;1[k ∈ .
(b) If Ey,x ∈  and )y(u)x(u ii >  for some ]n;1[i ∈ , then M  is empty and there

exists ]n;1[k ∈  such that )x(u)y(u kk > .
Proof. (a) On the basic of the definition of the maximal alternative it follows this

proof. See also Remark 2.
(b) From (a) it is clear to show that M}y,x{ ⊄  therefore there is EM ≠ . Since

Corollary 1 implies that the set M  is empty. Let assume that )y(u)x(u kk >  for all
]n;1[k ∈ . Thus, we obtain !

n
1j j )y(Rx =∈  and !

n
1j j )y(Ix =∈ , this lead to a contradiction.

As a result, we have that there exists ]n;1[k ∈  such that )x(u)y(u kk > . The corollary is
proved.

Remark 4. Let analyze the sets E  and )E(U . Here, we have three cases:
- If 1E = , then EM =  and 1M = .
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- If 1E >  and 1)E(U = , then EM =  and 1M > .

- If 1E >  and 1)E(U > , then EM ≠  and 0M = .

Corollary 4. If M  is empty, then 2E ≥ .

Proof. Let assume that 2E <  therefore there is 1E = . From Theorem 7 it follows

that M  is nonempty and this lead to a contradiction. As a result, we obtain 2E ≥ . The
corollary is proved.

Remark 5. Let analyze the set !n
1k k )A,umax(Arg= . Here, we have two cases:

- If the set )A,umax(Argn
1k k! =  is nonempty, then )A,umax(ArgEM n

1k k! ===
and 1E ≥ .

- If the set )A,umax(Argn
1k k! =  is empty, then M  is empty and 2E ≥ .

On the basic of the definitions and theorems we have the following statements:
- )}R)x(U()A(U)}x(U{:Ax{E n

++=∈= ! .
- )}}x(U{)R)A(U()}x(U{:Ax{E n !+−=∈= .
- )}R)x(U()R)A(U()}x(U{:Ax{E nn

++ +−=∈= ! .
- )A(boU)M(U ⊂ .
- )A(boU)E(U ⊂ .

For nRX ⊂  let denote a set }vuXvuv:Xu{)X(eff =⇒∈∧≥∈= . It is easy to
see that:

- E)))A(U(eff(U 1 =− .
- ))}A(U(eff)x(U:Ax{E ∈∈=

5. For structure of the optimality sets

In this section, let the utility functions n
1k}u{ =  be continuous on the convex and

compact set mRA ⊂ , 1m ≥ .

It is easy to prove that the sets n
1kk )}x(R{ =  are compact subset of A  for all Ax ∈ .

A function ku  is concave on A  if and only if Ay,x ∈  and ]1;0[t ∈ , then
)y(u)t1()x(tu)y)t1(tx(u kkk −+≥−+ . A function ku  is quasi-concave on A  if and only if

Ay,x ∈  and ]1;0[t ∈ , then ))y(u),x(umin()y)t1(tx(u kkk ≥−+ . A function ku  is strictly
quasi-concave on A  if and only if Ay,x ∈ , yx ≠  and )1;0(t ∈ , then

))y(u),x(umin()y)t1(tx(u kkk >−+ .

It is clear to prove that:
- If a function is concave, then it is quasi-concave.
- If a function is strictly quasi-concave, then it is quasi-concave.

In this section, let the functions n
1k}u{ =  be concave and strictly quasi-concave on A . In

this case, there is sw EEE == , see Theorem 3.
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Let denote a function RA:f → , ∑= =
n

1k k )x(u)x(f  for all Ax ∈ . It is clear to show
that the function f  is continuous and concave on A .

Remark 6. It is known that E)A,fmax(Arg ⊂  [16], see also Remark 2.

Let denote a point-to-set mapping AA: →ρ  such that
})x(Ry:Ay{)x( n

1k k! =∈∈=ρ  for all Ax ∈ . It is easy to show that the set )x(ρ  is a
nonempty, convex and compact set for all Ax ∈  and there is )x(x ρ∈ .

Theorem 8. If Ax ∈ , then 1))x(,fmax(Arg =ρ  and E))x(,fmax(Arg ⊂ρ .

Proof. It is clear to show that 1))x(,fmax(Arg ≥ρ .
Let choose ))x(,fmax(Argy,y 21 ρ∈ , 21 yy ≠ , ]1;0[t ∈  and 21 y)t1(tyz −+= . It

is known that the set ))x(,fmax(Arg ρ  is convex, therefore there is ))x(,fmax(Argz ρ∈ .
Thus, we obtain )y(f)y(f)z(f 21 == .

For each ]n;1[k ∈  there is )y(u)t1()y(tu)z(u 2k1kk −+≥ . By using this result we
derive that )y(f)y(f)t1()y(tf)z(f 121 =−+≥ . Since )y(f)z(f 1=  implies

)y(u)t1()y(tu)z(u 2k1kk −+=  for all ]n;1[k ∈  and for all ]1;0[t ∈ .
In result, we have that ))y(u)y(u(t)y(u)z(u 2k1k2kk −+=  for all ]1;0[t ∈ ,

therefore we find that )y(u)y(u 2k1k =  for all ]n;1[k ∈ .
Let choose )1;0(t ∈  and ]n;1[k ∈ . It is known that the function ku  is strictly quasi-

concave, therefore we obtain )y(u))y(u),y(umin()z(u 1k2k1kk => . But
)y(u)t1()y(tu)z(u 2k1kk −+≥  and by using this result we have that

)y(f)y(f)t1()y(tf)z(f 121 =−+> . This lead to a contradiction, therefore we derive
1))x(,fmax(Arg =ρ .

Let choose ))x(,fmax(Argy ρ∈  and assume that Ey ∉ . From condition Ey ∉  it
follows that there exists Az ∈  such that )y(u)z(u kk ≥  for all ]n;1[k ∈  and

)y(u)z(u jj >  for some ]n;1[j ∈ . As a result, we have that )x(z ρ∈  and )y(f)z(f > .
This lead to a contradiction, therefore we derive Ey ∈ , see also [16, Theorem 5]. The
theorem is proved.

Theorem 9. Let Ax ∈ , Ex ∈  if and only if )x(}x{ ρ= .
Proof. Let Ex ∈  and assume that )x(}x{ ρ≠ . From conditions )x(x ρ∈  and

)x(}x{ ρ≠  it follows that there exists }x{\)x(y ρ∈  such that )x(u)y(u kk ≥  for all
]n;1[k ∈ . Let choose )1;0(t ∈  and y)t1(txz −+=  therefore )x(z ρ∈ . Since yx ≠

implies )x(u)z(u kk >  for all ]n;1[k ∈ , which contradicts condition Ex ∈  therefore we
obtain )x(}x{ ρ= .

Conversely, let )x(}x{ ρ=  and assume that Ex ∉ . From condition Ex ∉  it follows
that there exists Ay ∈  such that )x(u)y(u kk ≥  for all ]n;1[k ∈  and )x(u)y(u jj >  for
some ]n;1[j ∈ . Thus, we have that )x(y ρ∈  and yx ≠ , which contradicts condition

)x(}x{ ρ=  therefore we obtain Ex ∈ . The theorem is proved.

Let consider the point-to-set mapping ρ . It is easy to show that it is compact-valued
mapping.
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Lemma 1. If ∞
=1kk }x{ , A}y{ 1kk ⊂∞

=  are pair of sequences such that Xxxlim 0kk
∈=

∞→

and )x(y kk ρ∈  for all Nk ∈ , then there exists a convergent subsequence of ∞
=1kk }y{  whose

limit belongs to )x( 0ρ .
Proof. Since )x(y kk ρ∈  for all Nk ∈  implies )x(u)y(u kiki ≥  for all Nk ∈  and all
]n;1[i ∈ . From A}y{ 1kk ⊂∞

=  it follows that there exists a convergent sequence
∞
=

∞
= ⊂′ 1kk1kk }y{}y{  such that Xyylim 0kk

∈=′
∞→

, ∞
=

∞
= ⊂′ 1kk1kk }x{}x{ , 0kk

xxlim =′
∞→

 and

)x(y kk ′∈′ ρ .
Thus, we have that )x(u)y(u kiki ′≥′  for all Nk ∈  and for all ]n;1[i ∈ .
Taking the limit as ∞→k  we obtain )x(u)y(u 0i0i ≥  for all ]n;1[i ∈ . As a result,

there is )x(y 0o ρ∈ . The lemma is proved.

Let denote a distance between an alternative Ay ∈  and a set AX ⊂  by
}Xx:)x,y(dinf{d 0k ∈= .

Lemma 2. If A}x{ 1kk ⊂∞
=  is a convergent sequence to Ax0 ∈  and )x(y 00 ρ∈ , then

there exists a sequence A}y{ 1kk ⊂∞
=  such that )x(y kk ρ∈  for all Nk ∈  and 0kk

yylim =
∞→

.

Proof. From condition the set )x( kρ  is a nonempty, convex and compact set it
follows that:

- If )x(y k0 ρ∈ , then 0dk =  and let 0k yy = .
- If )x(y k0 ρ∉ , then 0dk >  and there exists a unique projection )x(y kk ρ∈  on

0y  onto )x( kρ  such that )y,y(dd k0k = .
Therefore, we obtain a sequence A}y{ 1kk ⊂∞

=  such that )x(y kk ρ∈  for all Nk ∈ .
Thus, since 0kk

xxlim =
∞→

 implies a sequence ∞
=1kk }d{  is convergent and 0dlim kk

=
∞→

. Then, we

obtain 0kk
yylim =

∞→
. The lemma is proved.

Theorem 10. The point-to-set mapping ρ  is continuos on A .
Proof. From Lemma 1 it follows that the point-to-set mapping ρ  is upper semi-

continuous of A  [6]. From Lemma 2 it follows that the point-to-set mapping ρ  is lower
semi-continuous of A  [6]. Thus, we obtain the point-to-set mapping ρ  is continuous of A .
The theorem is proved.

Theorem 11 [5, Theorem 6.5]. Let mRX ⊂ , nRY ⊂ , 1m,n ≥ , and the set Y  be
compact, RY:f →  a continuous function and YX: →ρ  a continuos point-to-set mapping.
Then, the function RX:m →  defined by )}x(Fy:)y(fmax{)x(m ∈=  is continuous, and
the point-to-set mapping YX:G →  defined by )}x(m)y(f:)x(Fy{)x(G =∈=  is upper
semi-continuous.

Corollary 5. Let A  be compact, RA:f →  a continuous function and AA: →ρ  a
continuos point-to-set mapping. Then, the function RA:m →  defined by

)}x(y:)y(fmax{)x(m ρ∈=  is continuous, and the point-to-set mapping AA:G →
defined by )}x(m)y(f:)x(y{)x(G =∈= ρ  is upper semi-continuous.

Proof. From Theorem 11 it follows the proof of this corollary.
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Remark 7. From Theorem 8 it follows that G  is function. In is known that upper semi-
continuity for point-to-set mapping is continuity for function. Then, the function G  is
continuous on A .

Now let analyze a continuous function EA:G →  such that
))x(,fmax(Arg)x(G ρ∈  for all Ax ∈ .

Corollary 6. .E)A(G =
Proof. From AE ⊂  and Theorem 9 it follows that .E)E(G =  Then, we obtain

.E)A(G =  The corollary is proved.

Theorem 12. The set E  is nonempty, path-connected and compact.
Proof. It is known that every continuous image of a nonempty, path-connected and

compact set is a nonempty, path-connected and compact set [6]. From Remark 7 and
Corollary 6 it follows that the set E  is nonempty, path-connected and compact. The theorem
is proved.

Remark 8. It is known that path-connectedness implies connectedness [6], therefore
the set E  is connected. In [6, Example 1.28 and Remark 1.74], there is an example where it is
seen that there exists a connected set that is not path-connected.

Remark 9. If the set M  is nonempty, then )A,umax(ArgEM n
1k k! ===  and 1E ≥

(see Remark 2 and Corollary 2). From Theorem 7 it follows that 1EM == . In this case, the
set E  contains a unique maximal alternative.

Remark 10. If the set M  is empty, then 2E ≥  (see Corollary 4). From Theorem12 it
follows that the set E  is infinite and uncountable.

Remark 11. It is easy to see that for each Ax ∈  the following statements are true:
- ))x(G(G)x(G = .
- An alternative x  is fixed point for G  if and only if Ex ∈ .
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