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1. Introduction
The study of pure competition has a central part of pure exchange economy. The problems

of competition equilibrium and optimality are basic in finite pure exchange economy with perfectly
divisible goods. A main characteristic of the competition equilibrium is given with the Pareto
optimality criterion. To define the Pareto optimality criterion: if in the process of allocation of
goods between the agents (individuals) in a finite exchange economy the welfare of one single agent
increases, without decreasing the welfare of all the other agents, then the welfare of the economy as
a whole increases. Following we obtain the definition of Pareto optimality allocation: the allocation
of goods is Patero optimality if and only if it is not possible for the welfare of a certain agent to be
improved without involving the worsening of the welfare of another agent. It is proved that the
competition equilibrium allocations of goods are Pareto optimality. We will examine a number of
characteristics of the Pareto optimality allocations not using the fact of competition equilibrium.
This is an important issue because Pareto optimality allocations do not use the price system and
budgetary limitations of the agents.

Quasi-concavity plays a central role in mathematical model of finite pure exchange economy
and optimization theory. Therefore, the research on quasi-concavity is one of the most important
aspects of the optimization technique in finite pure exchange economy with perfectly divisible
goods and quasi-concave utility functions of the agents.

2. Notations and assumptions
We consider a mathematical model of finite pure exchange economy e(A,G,D,U). Let A be a

set of agents, let G be a set of goods and let each agent Aa i ∈  has consumption set miX +ℜ⊂  and
endowment ii

m
i
2

i
1

i X)w,...,w,w(w ∈ , where 0w i
j ≥  shows the quantity of good Gg j ∈  property of

agent Aa i ∈ . Let for each good Gg j ∈  we have ∑ >= =
n

1i
i
jj 0wv , m

m21 )v,...,v,v(v ++ℜ∈  and let
for each agent Aa i ∈  we have a following assumption:

(A1.1) The set iX  is convex and compact.



2

Here we denote
]}m;1[j0x&)x,...,x,x(x:x{ j

m
m21

m ∈∀≥ℜ∈=ℜ +

]}m;1[j0x&)x,...,x,x(x:x{ j
m

m21
m ∈∀>ℜ∈=ℜ ++

The set  }vx&X...XX)x,...,x,x(x:x{D n
1i

in21n21 =∑×××∈= =  we will call the set of
individually rational allocations. It is proved that the set D is nonempty, convex and compact. Here,
we use the assumption A1.1.

Let we have 2A ≥  and 2G ≥ , and let the sets mn
1i

i}X{ += ℜ⊂  are such that 2D ≥ .

Let n
1ii}u{U ==  is a profile of functions on D and each agent Aa i ∈  has the utility function

ℜ→D:u i  with following assumptions:
(A2.1) If Dy,x ∈  and ii yx = , then )y(u)x(u ii = ;
(A2.2) The utility function iu  is continuous on D.
If Dx ∈ , then the set )}x(u)y(u&Dy:y{)x(R iii ≥∈=  we will call the set of weakly

preference of the agent Aa i ∈ . It is proved that the sets )x(R i  and !n
1i i )x(R=  are nonempty and

compact, )x(Rx i∈  and !
n

1i i )x(Rx =∈ . Here, we use the assumptions A2.1 and A2.2.
If Dx ∈ , then the set )}x(u)y(u&Dy:y{)x(I iii =∈=  we will call the set of indifference

of the agent Aa i ∈ . It is proved that the sets )x(Ii  and !n
1i i )x(I=  are nonempty and compact,

)x(Ix i∈  and !
n

1i i )x(Ix =∈ . Here, we use the assumptions A2.1 and A2.2.
If Dx ∈ , then the set )}x(u)y(u&Dy:y{)x(P iii >∈=  we will call the set of strongly

preference of the agent Aa i ∈ . The sets )x(Pi  and !n
1i i )x(P=  can be empty, )x(Px i∉  and

!
n

1i i )x(Px =∉ .
It is clear to show that if Dx ∈ , then )x(R)x(I ii ⊂  and )x(R)x(P ii ⊂  for all Aa i ∈ ,

!!
n

1i i
n

1i i )x(R)x(I == ⊂  and !!
n

1i i
n

1i i )x(R)x(P == ⊂ . We have also )x(P)x(I ii !  is empty and
)x(P)x(I)x(R iii "= .

We will make some addition assumptions, which will hold in some of the next theorems.
The utility function iu  of Aa i ∈  we will call quasi-concave if and only if Dy,x ∈  and
]1;0[t ∈ , then ))y(u),x(umin()y)t1(tx(u iii ≥−+ .
Assumption 3.1. For each agent Aa i ∈  the utility function iu  is quasi-concave.
The utility function iu  of Aa i ∈  we will call strictly quasi-concave if and only if Dy,x ∈ ,

ii yx ≠  and )1;0(t ∈ , then ))y(u),x(umin()y)t1(tx(u iii >−+ .
Assumption 3.2. For each agent Aa i ∈  the utility function iu  is strictly quasi-concave.
It is clear to show that:
(i) if Assumption 3.2 holds, then Assumption 3.1 holds;
(ii) if Assumption 3.1 or 3.2 holds, then the sets )x(R i , )x(Pi , !n

1i i )x(R=  and !n
1i i )x(P=  are

convex.

3. Main characteristics of the optimality allocations
Definition 1. An allocation Dy ∈  weakly dominates an allocation Dx ∈  if and only if

)x(u)y(u ii ≥  for all Aa i ∈  and yx ≠ . We will call the allocation Dx ∈  is weak optimality if and
only if there does not exist Dy ∈  such that y weakly dominates x. The set of the weak optimality
allocations of D we will be denoted by wP .

Remark 1. Any authors call the elements of set wP  strong optimality.
Lemma 1. Let Dx ∈ , the following statements are equivalent:
(S1.1) wPx ∈ ;
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(S1.2) { Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii ≥  and xy ≠ } is empty;
(S1.3) { Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii ≥  and Aa k ∈∃  kk xy ≠ } is empty;
(S1.4) !

n
1i i )x(R}x{ == .

Proof. From Definition 1 it follows the proof of Lemma 1.
Definition 2. An allocation Dy ∈  strongly dominates an allocation Dx ∈  if and only if

)x(u)y(u ii ≥  for all Aa i ∈  and )x(u)y(u kk ≠  for some Aa k ∈ . We will call the allocation
Dx ∈  is strong optimality if and only if there does not exist Dy ∈  such that y strongly dominates

x. The set of the strong optimality allocations of D we will be denoted by sP .
Remark 2. Any authors call the elements of set sP  weak optimality.
Lemma 2. Let Dx ∈ , the following statements are equivalent:
(S2.1) sPx ∈ ;
(S2.2) { Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii ≥  and Aa k ∈∃  )x(u)y(u kk ≠ } is empty;
(S2.3) { Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii ≥  and Aa k ∈∃  )x(u)y(u kk > } is empty.
Proof. From Definition 2 it follows the proof of Lemma 2.
Theorem 1. The set sP  is nonempty.
Proof. Let function ℜ→D:f  defined by ∑= =

n
1i i )x(u)x(f  for Dx ∈ . From continuity of

the functions n
1ii}u{ =  on D it follows the function f is continuous on D. The set D is compact,

therefore there exists Dx ∈  such that }Dz:)z(fsup{)x(f ∈= .
Let us assume that sPx ∉ , therefore there exists Dy ∈  such that )x(u)y(u ii ≥  for all

Aa i ∈  and )x(u)y(u kk >  for some Aa k ∈ , therefore )x(f)y(f > . This contradicts with
}Dz:)z(fsup{)x(f ∈= , therefore sPx ∈  and the set sP  is nonempty. The theorem is proved.

We use assumption A2.2 and statement S2.3 in the proof of Theorem 1.
Definition 3. An allocation Dy ∈  fully dominates an allocation Dx ∈  if and only if

)x(u)y(u ii >  for all Aa i ∈ . We will call the allocation Dx ∈  is full optimality if and only if there
does not exist Dy ∈  such that y fully dominates x. The set of the full optimality allocations of D we
will be denoted by fP .

Remark 3. Any authors call the elements of set fP  weak optimality or strong optimality.
Lemma 3. Let Dy ∈ , the following statements are equivalent:
(S3.1) fPx ∈ ;
(S3.2) { Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii > } is empty;
(S3.3) !n

1i i )x(P=  is empty.
Proof. From Definition 3 it follows the proof of Lemma 3.
From Definitions 1, 2 and 3 it is clear to show that the Pareto optimality is not related to the

price system of goods and it is defined only by the utility functions of the economic agents.
Theorem 3. The set fP  is nonempty and compact.
Proof. Let function ℜ→D:f  defined by ∑= =

n
1i i )x(u)x(f  for Dx ∈ . From continuity of

the functions n
1ii}u{ =  on D it follows the function f is continuous on D. The set D is compact,

therefore there exists Dx ∈  such that }Dz:)z(fsup{)x(f ∈= .
Let us assume that fPx ∉ , therefore there exists Dy ∈  such that )x(u)y(u ii >  for all

Aa i ∈ , therefore )x(f)y(f > . This contradicts with condition }Dz:)z(fsup{)x(f ∈= , therefore

fPx ∈  and the set fP  is nonempty.
Let we have a convergent sequence DP}x{ f1ii ⊂⊂∞

=  and 0ii
xxlim =

∞→
. The set D is compact

therefore Dx 0 ∈ . We will prove that f0 Px ∈ .
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Let us assume that f0 Px ∉  it follows there exists Dy ∈  such that )x(u)y(u 0ii >  for all
Aa i ∈ .

Let ∞
=∈ 1iik }x{x , we will show that there exists Aa i ∈  such that )x(u)y(u kii ≤ . Let us

assume )x(u)y(u kii >  for all Aa i ∈ . This contradicts with fk Px ∈ , therefore there exists Aa i ∈
such that )x(u)y(u kii ≤ .

The set A is finite it follows that there exist Aa i ∈  and subsequence ∞
=

∞
= ⊂′ 1ii1ii }x{}x{  such

that )x(u)y(u kii ′≤ . We have 0ii
xxlim =

∞→
 therefore we obtain 0ii

xxlim =′
∞→

. The function iu  is

continuous it follows )y(u)x(u)x(ulim i0iiii
≥=′

∞→
. This contradicts with condition )x(u)y(u 0ii > .

In result we obtain f0 Px ∈  therefore the set fP  is closed subset of compact set D. Finally, we obtain
the set fP  is compact. The theorem is proved.

Theorem 3. fsw PPP ⊂⊂ .
Proof. Let wPx ∈  and let us assume that sPx ∉ , therefore there exists Dy ∈  such that

)x(u)y(u ii ≥  for all Aa i ∈  and )x(u)y(u kk >  for some Aa k ∈ . In result we obtain
!

n
1i i }x{)x(Ry = =∈ , therefore we have yx = . This contradicts with condition )x(u)y(u kk > ,

therefore sw PP ⊂ .
Let sPx ∈  and let us assume that fPx ∉ , therefore there exists Dy ∈  such that

)x(u)y(u ii >  for all Aa i ∈ . In result we obtain )x(u)y(u ii ≥  for all Aa i ∈  and )x(u)y(u kk >
for some Aa k ∈ . This contradicts with sPx ∈ , therefore we have fs PP ⊂ . The theorem is proved.

We use statements S1.4, S2.3 and S3.2 in the proof of Theorem 3.
Theorem 4. If Aa i ∈  and H is nonempty and compact subset of D, then

Ĥ ={ Hx:x ∈ , )y(u)x(u ii ≥  for all Hy ∈ }
is nonempty and compact subset of H.

(a) If Assumption 3.1 holds, then Ĥ  convex;
(b) If Assumption 3.2 holds and Ĥy,x ∈ , then ii yx = .
Proof. The set H is compact and the function iu  is continuous, therefore there exists Hx ∈

such that }Hy:)y(usup{)x(u ii ∈= . In result we have that the set Ĥ  is nonempty. From continuity
of the function iu  it follows the set Ĥ  is a closed subset of the compact set H, therefore Ĥ  is a
compact subset of H.

a) Let Ĥy,x ∈ , ]1;0[t ∈  and y)t1(txz −+= . From Ĥy,x ∈  it follows
)z(u)y(u)x(u iii ≥= . From Assumption 3.1 we have )x(u))y(u),x(umin()z(u iiii =≥ . In result

there is }Hy:)y(usup{)x(u)z(u iii ∈== , therefore Ĥz ∈ . Finally, we obtain the set Ĥ  is
convex.

b) Let Ĥy,x ∈ , )1;0(t ∈  and y)t1(txz −+= . From Ĥy,x ∈  it follows
)z(u)y(u)x(u iii ≥= . Let us assume ii yx ≠ , from Assumption 3.2 we have

)x(u))y(u),x(umin()z(u iiii => , which contradicts the condition )z(u)y(u)x(u iii ≥= . In result
we obtain ii yx = . The theorem is proved.

We use assumptions A2.1 and A2.2 in the proof of Theorem 4.
Theorem 5. Let Assumption 3.2 holds, if Dx ∈ , then there exists wPy ∈  such that

)x(u)y(u ii ≥  for all Aa i ∈ .
Proof. Let H=!

n
1i i )x(R= , we have that the set H is nonempty and compact. Let

1Ĥ ={ Hx:x ∈ , )y(u)x(u 11 ≥  for all Hy ∈ }.
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From Theorem 4 it follows the set 1Ĥ  is nonempty and compact. Let

2Ĥ ={ 1Ĥx:x ∈ , )y(u)x(u 22 ≥  for all 1Ĥy ∈ }.
From Theorem 4 it follows the set 2Ĥ  is nonempty and compact. Let

3Ĥ ={ 2Ĥx:x ∈ , )y(u)x(u 33 ≥  for all 2Ĥy ∈ }.

From Theorem 4 it follows the set 3Ĥ  is nonempty and compact, and so on let

nĤ ={ 1nĤx:x −∈ , )y(u)x(u nn ≥  for all 1nĤy −∈ }.
From Theorem 4 it follows the set nĤ  is nonempty and compact.
In result we obtain

⊂nĤ ⊂−1nĤ 2Ĥ... ⊂ 1Ĥ⊂   and  nĤ =!
n

1i iĤ= .
Let nĤz,y ∈ , therefore we have )x(u)z(u)y(u iii ≥=  for all Aa i ∈ . From Theorem 4 we

obtain ii zy =  for all Aa i ∈  therefore yx = . We obtain !
n

1i i )y(R}y{ == . Finally, there is wPy ∈ .
The theorem is proved.

We use assumption A2.2 and statement S1.4 in the proof of Theorem 5.
Corollary 1. If Assumption 3.2 holds, then the set wP  is nonempty.
Proof. There is Dw ∈  therefore from Theorems 4 and 5 it follows the proof of Corollary 1.
Corollary 2. (a) Let Assumption 3.2 holds, if Dx ∈ , then there exists sPy ∈  such that

)x(u)y(u ii ≥  for all Aa i ∈ .
(b) Let Assumption 3.2 holds, if Dx ∈ , then there exists fPy ∈  such that )x(u)y(u ii ≥  for

all Aa i ∈ .
Proof. From Theorems 3 and 5 it follows the proof of Corollary 2.
Theorem 6. If Assumption 3.2 holds, then sw PP = .
Proof. Let sPx ∈  and let us assume that wPx ∉ , therefore there exists Dy ∈  such that

)x(u)z(u ii ≥  for all Aa i ∈  and yx ≠ .
Let )1;0(t ∈  and y)t1(txz −+= . The set D is convex therefore Dz ∈ . We have two cases:
First, if Aa i ∈  and ii yx = , then ii xz = , therefore )x(u)z(u ii = ;
Second, if Aa i ∈  and ii yx ≠ , then )x(u))y(u),x(umin()z(u iiii => .
In result we obtain )x(u)z(u ii ≥  for all Aa i ∈ .
From yx ≠  it follows there exists Aa k ∈  such that kk yx ≠ , therefore )x(u)z(u kk > . In

result we have )x(u)z(u ii ≥  for all Aa i ∈  and )x(u)z(u kk > , which contradicts the condition

sPx ∈  therefore yx = . We obtain !
n

1i i )x(R}x{ ==  therefore wPx ∈ . It is follows ws PP ⊂ .
Finally, from Theorem 6 we obtain sw PP = . The theorem is proved.
We use assumption A2.1 and statements S1.4 and S2.3 in the proof of Theorem 6.
Theorem 7. If Assumption 3.2 holds and 2n = , then fs PP = .
Proof. Let fPx ∈  and let us assume that sPx ∉ , therefore there exists Dy ∈  such that

)x(u)y(u ii ≥  for all Aa i ∈  and )x(u)y(u kk >  for some Aa k ∈ .
We will show that kk xy ≠ . If kk xy = , then )x(u)y(u kk = , which contradicts the

condition )x(u)y(u kk > . Therefore we obtain kk xy ≠ .
There is ∑=∑ ==

2
1i

i2
1i

i xy . From kk xy ≠  it follows ll xy ≠  for kl ≠ .
Let )1;0(t ∈  and y)t1(txz −+= . The set D is convex therefore Dz ∈ . We obtain:
First, from kk xy ≠  we have )x(u))x(u),y(umin()z(u kkkk => .
Second, from ll xy ≠  we have )x(u))x(u),y(umin()z(u llll => .
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In result we obtain )x(u)z(u ii >  for all Aa i ∈ , which contradicts the condition fPx ∈ . It
is follows sf PP ⊂ .

Finally, from Theorem 6 we obtain fs PP = . The theorem is proved.
We use assumption A2.1 and statements S2.3 and S3.2 in the proof of Theorem 7.
Corollary 3. If Assumption 3.2 holds and 2n = , then fsw PPP == .
Proof. From Theorems 6 and 7 it follows the proof of Corollary 3.
Corollary 4. If Assumption 3.2 holds and 2n = , then the sets wP  and sP  are compact.
Proof. From Theorem 2 and Corollary 3 it follows the proof of Corollary 4.

4. Examples and remarks
We will study some special examples. Here, we will analyze the basic characteristics of

optimality sets wP , sP  and fP .
Example 1. Let ℜ⊂=

n
1ii}u{  and ii u)x(u =  for all Dx ∈  and for all Aa i ∈ .

First, we will consider the weak optimality allocations. If Aa i ∈  and Dx ∈ , then
)x(u)y(u ii ≥  for all Dy ∈ . We obtain the set

{ Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii ≥  and xy ≠ }
is nonempty. It follows the set wP  is empty.

Second, we will consider the strong optimality allocations. If Aa i ∈  and Dx ∈ , then
)x(u)y(u ii ≥  for all Dy ∈  and there does not exist Dy ∈  such that )x(u)y(u kk ≠  for some

Aa k ∈ . We obtain the set
{ Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii ≥  and Aa k ∈∃  )x(u)y(u kk ≠ }

is empty for all Dx ∈ . It follows DPs = .
Third, we will consider the full optimality allocations. If Aa i ∈  and Dx ∈ , then there does

not exist Dy ∈  such that )x(u)y(u ii >  for all Aa i ∈ . We obtain the set
{ Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii > }

is empty for all Dx ∈ . It follows DPf = .
Incidentally, from Theorem 3 we have DPP fs ⊂⊂  and from DPs =  it follows DPf = .
In this example we obtain:
(1) The Assumption 3.1 holds;
(2) The Assumption 3.2 does not hold;
(3) The set wP  is empty, sw PP ≠  and fs PP = .
Remark 4. From Example 1 it follows the set wP  can be empty.
Example 2. Let ]}m;1[jvx0&)x,...,x,x(x:x{X jj

m
m21

i ∈∀≤≤ℜ∈=  for ]n;1[i ∈ ,

ℜ⊂−
=

1n
1ii}u{  and ii u)x(u =  for all Dx ∈  and for all }a{\Aa ni ∈ , and ∑= =

m
1j

n
jn x)x(u  for all

Dx ∈ .
Let Dz ∈  shut that 0zi =  for all }a{\Aa ni ∈  and vzn = .
First, we will consider the weak optimality allocations. We obtain the set

{ Dy:y ∈ , Aa i ∈∀  )z(u)y(u ii ≥  and zy ≠ }
is empty, therefore wPz ∈ . If }z{\Dx ∈ , then

∈z { Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii ≥  and xy ≠ }.
In result we obtain }z{Pw =  and the set wP  is nonempty.
Second, we will consider the strong optimality allocations. We have )z(u)y(u ii ≥  for all

Aa i ∈  and )y(u)z(u nn >  for all }z{\Dy ∈ . We obtain the set
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{ Dy:y ∈ , Aa i ∈∀  )z(u)y(u ii ≥  and )z(u)y(u nn > }
is empty, therefore sPz ∈ . If }z{\Dx ∈ , then

∈z { Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii ≥  and )x(u)y(u nn > }.
In result we obtain }z{Ps = .
Third, we will consider the full optimality allocations. We have there does not exist Dy ∈

such that )x(u)y(u ii >  for all Aa i ∈ . We obtain the set
{ Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii > }

is empty for all Dx ∈ . It follows DPf = .
In this example we obtain:
(1) The Assumption 3.1 holds;
(2) The Assumption 3.2 does not hold;
(3) The set wP  is nonempty, sw PP =  and fs PP ≠ .
Remark 5. From Example 2 it follows the set wP  can be nonempty.
Remark 6. From Examples 1 and 2 we obtain the following statement: if there exists Aa k ∈

such that )y(u)x(u kk =  for all Dy,x ∈ , then DPf = . We use that there does not exist Dy ∈  such
that )x(u)y(u ii >  for all Aa i ∈  in the proof of this statement.

Example 3. Let for each Aa i ∈  we have ∑= =
m

1j
i
ji x)x(u  for all Dx ∈ .

Let Dy,x ∈  are such that )x(u)y(u ii ≥  for all Aa i ∈ . We have
∑ ∑=∑ ∑∑ ∑ = = == == =

n
1i

m
1j

i
j

n
1i

m
1j

i
j

n
1i

m
1j

i
j xyw .

In result we obtain )x(u)y(u ii =  for all Aa i ∈ .
First, we will consider the weak optimality allocations. We obtain the set

{ Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii ≥  and xy ≠ }
is nonempty for all Dx ∈ , i.e. the set wP  is empty.

Second, we will consider the strong optimality allocations. We obtain the set
{ Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii ≥  and Aa k ∈∃  )x(u)y(u kk > }

is empty for all Dx ∈ , therefore DPs = .
Third, we will consider the full optimality allocations. We obtain the set

{ Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii > }
is empty for all Dx ∈ , therefore DPf = .

Incidentally, from Theorem 2 we have DPP fs ⊂⊂  and from DPs =  it follows DPf = .
In this example we obtain:
(1) The Assumption 3.1 holds;
(2) The Assumption 3.2 does not hold;
(3) The set wP  is empty, sw PP ≠  and fs PP = .
Remark 7. In Remark 6 we obtain the statement: if there exists Aa k ∈  such that

)y(u)x(u kk =  for all Dy,x ∈ , then DPf = . From Example 3 we obtain that the converse
statement does not hold: if DPf = , then there exist Aa k ∈  such that )y(u)x(u kk =  for all

Dy,x ∈ .

Example 4. Let for each Aa i ∈  we have ∑= =
m

1j
i
ji x)x(u  for all Dx ∈ .

Function xy =  for 0x ≥  is strictly concave, because 0
x4

1y
3

<−=′′  for all 0x > .

Therefore it is strictly quasi-concave. In result we obtain that the functions n
1ii}u{ =  are strictly quasi-

concave.
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From Theorem 6 it follows sw PP = .
In this example we obtain:
(1) The Assumption 3.1 holds;
(2) The Assumption 3.2 holds;
(3) The set wP  is nonempty and sw PP = .
Remark 8. There is fsw PPP ==  for 2n =  in Example 4. See Theorem 6, Theorem 7 and

Corollary 3.
Example 5. Let for each Aa i ∈  we have ∑ += =

m
1j

i
ji )x1ln()x(u  for all Dx ∈ .

Function )x1ln(y +=  for 0x ≥  is strictly concave, because 0
)x1(

1y 2 <
+

−=′′  for all

0x ≥ . Therefore it is strictly quasi-concave. In result we obtain that the functions n
1ii}u{ =  are strictly

quasi-concave.
From Theorem 6 it follows sw PP = .
In this example we obtain:
(1) The Assumption 3.1 holds;
(2) The Assumption 3.2 holds;
(3) The set wP  is nonempty and sw PP = .
Remark 9. There is fsw PPP ==  for 2n =  in Example 5. See Theorem 6, Theorem 7 and

Corollary 3.
Example 6. Let 2mn ≥= , }vx0&)x,...,x,x(x:x{X ii

m
m21

i ≤≤ℜ∈=  for ]n;1[i ∈ , and
for each Aa i ∈  we have i

ii x)x(u =  for all Dx ∈ .
Let Dz ∈  shut that for each ]n;1[i ∈  we have i

i
i vz =  and 0zi

j =  for }i{\]n;1[j ∈ .
First, we will consider the weak optimality allocations. We obtain the set

{ Dy:y ∈ , Aa i ∈∀  )z(u)y(u ii ≥  and zy ≠ }
is empty, therefore wPz ∈ . If }z{\Dx ∈ , then

∈z { Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii ≥  and xy ≠ }.
In result we obtain }z{Pw =  and the set wP  is nonempty.
Second, we will consider the strong optimality allocations. Let }z{\Dy ∈  such that we have

)z(u)y(u ii ≥  for all Aa i ∈  and )y(u)z(u kk >  for some Aa k ∈ . We obtain the set
{ Dy:y ∈ , Aa i ∈∀  )z(u)y(u ii ≥  and Aa k ∈∀  )z(u)y(u kk > }

is empty, therefore sPz ∈ . If }z{\Dx ∈ , then
∈z { Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii ≥  and Aa k ∈∃  )x(u)y(u kk > }.

In result we obtain }z{Ps = .
Third, we will consider the full optimality allocations. Let }z{\Dy ∈  such that we have

)z(u)y(u ii >  for all Aa i ∈ . We obtain the set
{ Dy:y ∈ , Aa i ∈∀  )z(u)y(u ii > }

is empty, therefore fPz ∈ . If }z{\Dx ∈ , then
∈z { Dy:y ∈ , Aa i ∈∀  )x(u)y(u ii > }.

In result we obtain }z{Pf = .
In this example we obtain:
(1) The Assumption 3.1 holds;
(2) The Assumption 3.2 does not hold;
(3) The set wP  is nonempty and fsw PPP == .
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Remark 10. Let 2mn >=  in Example 6. In this case we have fsw PPP == .
Remark 11. For Example 6 it follows fs PP =  and DPf ≠ .
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