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Abstract: In the presented paper, we study the concept of the Pareto optimality allocations
in mathematical model of finite pure exchange economy with perfectly divisible goods and quasi-
concave utility functions of the economic agents. We consider three cases of Pareto criterion — weak
optimality, strong optimality and full optimality. The examining theorems are based only on the
utility of the exchange goods and the quasi-concave utility functions of the economic agents.
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1. Introduction

The study of pure competition has a central part of pure exchange economy. The problems
of competition equilibrium and optimality are basic in finite pure exchange economy with perfectly
divisible goods. A main characteristic of the competition equilibrium is given with the Pareto
optimality criterion. To define the Pareto optimality criterion: if in the process of allocation of
goods between the agents (individuals) in a finite exchange economy the welfare of one single agent
increases, without decreasing the welfare of all the other agents, then the welfare of the economy as
a whole increases. Following we obtain the definition of Pareto optimality allocation: the allocation
of goods is Patero optimality if and only if it is not possible for the welfare of a certain agent to be
improved without involving the worsening of the welfare of another agent. It is proved that the
competition equilibrium allocations of goods are Pareto optimality. We will examine a number of
characteristics of the Pareto optimality allocations not using the fact of competition equilibrium.
This is an important issue because Pareto optimality allocations do not use the price system and
budgetary limitations of the agents.

Quasi-concavity plays a central role in mathematical model of finite pure exchange economy
and optimization theory. Therefore, the research on quasi-concavity is one of the most important
aspects of the optimization technique in finite pure exchange economy with perfectly divisible
goods and quasi-concave utility functions of the agents.

2. Notations and assumptions

We consider a mathematical model of finite pure exchange economy e(A,G,D,U). Let A be a
set of agents, let G be a set of goods and let each agent a, DA has consumption set X' 0O and
endowment w' (w3, W5,...,w;, ) OX', where w} =0 shows the quantity of good g, G property of
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agent a; JA. Let for each good g; JG we have v; = Zi“:lWi,- >0, v(v,V,,.,v )OO and let
for each agent a, JA we have a following assumption:

(A1.1) The set X' is convex and compact.



Here we denote

O7 ={X:X(Xy, X500, X,y) OO™ &x; 2 00j O [L; m]}

O7, ={X:X(X}, X, X, ) DO™ &X; >00j0[Lm]}

The set D ={x:x(x*,x?,.,x")OX'xX*x..xX"&yL x' =v} we will call the set of

individually rational allocations. It is proved that the set D is nonempty, convex and compact. Here,
we use the assumption Al.1.

Let we have |A|>2 and |G|= 2, and let the sets {X'}., O O7 are such that |D| > 2.

Let U ={u,}., is a profile of functions on D and each agent a, (0 A has the utility function
u;, : D - O with following assumptions:

(A2.1) If x,ydD and x' =y', then u,(x) = u,(y);

(A2.2) The utility function u; is continuous on D.

If xOD, then the set R, (X) ={y:yOD &u,(y) =2u,(x)} we will call the set of weakly
preference of the agent a, OA. It is proved that the sets R,(x) and N, R,(x) are nonempty and
compact, X JR,(x) and x DN R; (x). Here, we use the assumptions A2.1 and A2.2.

If xOD, then the set I,(x) ={y:yOD &u,(y) =u,(x)} we will call the set of indifference
of the agent a, JA. It is proved that the sets I,(x) and N, 1,(x) are nonempty and compact,
xO1,(x) and x DN 1 (X) . Here, we use the assumptions A2.1 and A2.2.

If xOD, then the set P,(x) ={y:yOD &u;(y) >u,;(x)} we will call the set of strongly
preference of the agent a, JA. The sets P,(x) and NP, (x) can be empty, xOP,(x) and
X UNLPi(X).

It is clear to show that if xOD, then I,(x) OR;(x) and P,(x) OR;(x) for all a,d0A,

L) ONLR, (x) and NLP.(X) ONLR,(X). We have also I,(x)P;(x) is empty and
Ri(x) = 1,(x)UP,(x).

We will make some addition assumptions, which will hold in some of the next theorems.

The utility function u, of a, OA we will call quasi-concave if and only if x,y D and
tO[01], then u, (tx + (1 —t)y) = min(u, (x),u; (y)) .

Assumption 3.1. For each agent a; O A the utility function u, is quasi-concave.

The utility function u, of a, OA we will call strictly quasi-concave if and only if x,y D,
x' #y"and t0(0;1), then u, (tx + (L—t)y) > min(u, (x), u; (y)).

Assumption 3.2. For each agent a, A the utility function u, is strictly quasi-concave.

It is clear to show that:
(i) if Assumption 3.2 holds, then Assumption 3.1 holds;

(if) if Assumption 3.1 or 3.2 holds, then the sets R, (x), P,(x), N R, (x) and N, P;(x) are
convex.

3. Main characteristics of the optimality allocations
Definition 1. An allocation yOD weakly dominates an allocation xOD if and only if

u;(y)=u,(x) forall a, JA and x # y. We will call the allocation x 0D is weak optimality if and
only if there does not exist y O D such that y weakly dominates x. The set of the weak optimality
allocations of D we will be denoted by P,, .

Remark 1. Any authors call the elements of set P, strong optimality.

Lemma 1. Let x 0D, the following statements are equivalent:
(S1.1) xOP,;



(S1.2){y:yOD, Oa, OA u,(y)=2u,(x) and y # x } is empty;

(S1.3){y:yOD, Oa, A u,(y)=u,(x) and [h, OA y* #x*}is empty;

(S1.4) {x}=NLR;(x).

Proof. From Definition 1 it follows the proof of Lemma 1.

Definition 2. An allocation y[OD strongly dominates an allocation x D if and only if

u,(y)=u,(x) for all a,d0A and u,(y)#u,(x) for some a, OA. We will call the allocation
x O D is strong optimality if and only if there does not exist y (0D such that y strongly dominates
X. The set of the strong optimality allocations of D we will be denoted by P, .

Remark 2. Any authors call the elements of set P, weak optimality.

Lemma 2. Let x D, the following statements are equivalent:

(S2.1) xOP;

(S2.2){y:yUD, Oa, OA u,(y)=u,(x) and (B, OA u,(y) #u,(x)}isempty;

(52.3){y:yUOD, Ua, OA u,(y)=u;(x) and [&, OA u,(y)>u,(x)}isempty.

Proof. From Definition 2 it follows the proof of Lemma 2.

Theorem 1. The set P, is nonempty.

Proof. Let function f:D — [0 defined by f(x) =y, u;(x) for xdOD. From continuity of
the functions {u,}, on D it follows the function f is continuous on D. The set D is compact,
therefore there exists x (0D such that f(x) =sup{f(z) : zOD}.

Let us assume that xOP,, therefore there exists yOD such that u,(y)=u;(x) for all
a, JA and u,(y)>u,(x) for some a, OA, therefore f(y)>f(x). This contradicts with
f(x) =sup{f(z) : zO D}, therefore x 1P, and the set P, is nonempty. The theorem is proved.

We use assumption A2.2 and statement S2.3 in the proof of Theorem 1.
Definition 3. An allocation yOD fully dominates an allocation xJD if and only if

u,(y) >u;(x) forall a, JA. We will call the allocation x [ D is full optimality if and only if there
does not exist y (0D such that y fully dominates x. The set of the full optimality allocations of D we
will be denoted by P; .

Remark 3. Any authors call the elements of set P, weak optimality or strong optimality.

Lemma 3. Let y OD, the following statements are equivalent:

(S3.1) xOP,;

(S3.2){y:yUD, Ua, OA u,(y) >u;(x)} isempty;

(S3.3) NI, P. (x) is empty.

Proof. From Definition 3 it follows the proof of Lemma 3.

From Definitions 1, 2 and 3 it is clear to show that the Pareto optimality is not related to the
price system of goods and it is defined only by the utility functions of the economic agents.

Theorem 3. The set P, is nonempty and compact.

Proof. Let function f:D — O defined by f(x) =y, u;(x) for xOD. From continuity of
the functions {u,}, on D it follows the function f is continuous on D. The set D is compact,
therefore there exists x (0D such that f(x) =sup{f(z) : z O D}.

Let us assume that xJP,, therefore there exists y[ID such that u,(y)>u,(x) for all
a; OA, therefore f(y)>f(x). This contradicts with condition f(x) =sup{f(z):z D}, therefore
X OP; and the set P is nonempty.

Let we have a convergent sequence {x;};-, O P, 0D and limx; = x,. The set D is compact
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therefore x, O D. We will prove that x, O P, .



Let us assume that x, LJP; it follows there exists y D such that u;(y) >u;(x,) for all
a, OA.

Let x, O{x,}2,, we will show that there exists a, JA such that u,(y)<u,(x,). Let us
assume u,(y) >u,(x,) forall a, OA. This contradicts with x, [JP,, therefore there exists a, O A
such that u, (y) < u,(x,).

The set A is finite it follows that there exist a; JA and subsequence {x;}, O{x;}~, such
that u,(y) <u,(x}). We have limx, =x, therefore we obtain limx; =x,. The function u, is

continuous it follows !irg u;(x;) =u;(x,) =u,(y). This contradicts with condition u,(y) > u,(X,) .
In result we obtain x, OP; therefore the set P, is closed subset of compact set D. Finally, we obtain
the set P, is compact. The theorem is proved.

Theorem 3. P, O P, O P;.

Proof. Let xOP, and let us assume that x [JP,, therefore there exists y[ID such that
u,(y)=u,(x) for all a,0A and u,(y)>u,(x) for some a, JA. In result we obtain
yONLR; (X) ={x}, therefore we have x =y. This contradicts with condition u,(y)>u,(x),
therefore P, OJ P;.

Let xUOP, and let us assume that x[IP;, therefore there exists y[ID such that
u,(y) >u;(x) forall a, JA. In result we obtain u;(y)=u,(x) forall a, JA and u,(y)>u,(x)
for some a, JA. This contradicts with x (I P, , therefore we have P, O P; . The theorem is proved.

We use statements S1.4, S2.3 and S3.2 in the proof of Theorem 3.

Theorem 4. If a, JA and H is nonempty and compact subset of D, then

H={x:xOH, u,(x)=u,(y) forall yOH}
IS nonempty and compact subset of H.

(@) If Assumption 3.1 holds, then H convex;

(b) If Assumption 3.2 holds and x,y OH , then x' = y'.

Proof. The set H is compact and the function u; is continuous, therefore there exists x JH
such that u, (x) =sup{u;(y) : y OH}. In result we have that the set H is nonempty. From continuity
of the function u, it follows the set H is a closed subset of the compact set H, therefore H is a
compact subset of H.

a) Let x,yOH, tO[01] and z=tx+(@-t)y. From x,yOH it follows
u,(x) =u;(y) 2 u,(z). From Assumption 3.1 we have u,(z) = min(u,(x),u;(y)) =u,(x). In result
there is u,(z) =u,(x) =sup{u,(y): ydH}, therefore zOH. Finally, we obtain the set H is
convex.

b) Let x,yOH, tO@©O1) and z=tx+(-t)y. From x,yOH it follows
u(x)=u,(y)=u,(z). Let us assume x'#y', from Assumption 3.2 we have
u,(z) > min(u, (x),u;(y)) = u,(x), which contradicts the condition u;(x) =u,(y) = u,(z). In result
we obtain x' =y'. The theorem is proved.

We use assumptions A2.1 and A2.2 in the proof of Theorem 4.
Theorem 5. Let Assumption 3.2 holds, if xOD, then there exists y[JP, such that

u,(y) =2 u,(x) forall a, OA.
Proof. Let H=N_ R, (x), we have that the set H is nonempty and compact. Let
H,={x:xOH, u,(x)=u,(y) forall yOH}.



From Theorem 4 it follows the set I:I1 IS nonempty and compact. Let
H,={x:x0OH,, u,(x)=u,(y) forall yOH,}.
From Theorem 4 it follows the set I:|2 IS nonempty and compact. Let
H,={x:xOH,, u,(x)=u,(y) forall yOH,}.
From Theorem 4 it follows the set I:|3 IS nonempty and compact, and so on let
H ={x:xOH_,, u (X)=u,(y) forall yOH,_}
From Theorem 4 it follows the set I:|n IS nonempty and compact.
In result we obtain
H OH ,O..O0H,0H, and H =LH,.
Let v,z I:In, therefore we have u,(y) =u,(z) 2 u,(x) for all a, JA. From Theorem 4 we
obtain y' =z' forall a, A therefore x =y. We obtain {y} =, R, (y). Finally, there is yOP,, .
The theorem is proved.

We use assumption A2.2 and statement S1.4 in the proof of Theorem 5.
Corollary 1. If Assumption 3.2 holds, then the set P, is nonempty.

Proof. There is w 0D therefore from Theorems 4 and 5 it follows the proof of Corollary 1.
Corollary 2. (a) Let Assumption 3.2 holds, if xOD, then there exists yOP, such that

u;(y)=u;(x) forall a, OA.
(b) Let Assumption 3.2 holds, if x D, then there exists y (0P, such that u;(y) = u,(x) for
all a, OA.

Proof. From Theorems 3 and 5 it follows the proof of Corollary 2.
Theorem 6. If Assumption 3.2 holds, then P, =P,.

Proof. Let x[OP, and let us assume that x OP,, , therefore there exists y[D such that
U;(z)zu;(x) forall a, JA and x #y.

Let t0J(0;1) and z =tx + (1 —t)y. The set D is convex therefore z 0D . We have two cases:

First, if a, A and x' =y', then z' =x', therefore u,(z) = u,(X);

Second, if a, JA and x' #y', then u,(z) > min(u, (x),u;(y)) = u,(x).

In result we obtain u;(z) 2 u,;(x) forall a, OA.

From x #y it follows there exists a, A such that x* # y*, therefore u, (z) > u, (x). In
result we have u,(z)2u;(x) for all a, JA and u,(z)>u,(x), which contradicts the condition
x OP, therefore x =y . We obtain {x} =N, R, (x) therefore x OP, . Itis follows P, O P,,.

Finally, from Theorem 6 we obtain P, = P,. The theorem is proved.

We use assumption A2.1 and statements S1.4 and S2.3 in the proof of Theorem 6.
Theorem 7. If Assumption 3.2 holds and n =2, then P, =P, .

Proof. Let xOP; and let us assume that x OP,, therefore there exists y[ID such that
u;(y)=u;(x) forall a, OA and u,(y) >u,(x) forsome a, OA.

We will show that y* #x*. If y*=x*, then u, (y)=u,(x), which contradicts the
condition u, (y) > u, (x) . Therefore we obtain y* # x*.

Thereis SZ,y' = Y2 x' . From y* # x* it follows y' # x' for 1 k.

Let t0(0;1) and z =tx + (1 -t)y. The set D is convex therefore z (0 D. We obtain:

First, from y* # x* we have u, (z) > min(u, (y),u, (X)) = u,(X) .

Second, from y' # x' we have u,(z) > min(u,(y),u,(x)) = u,(x) .



In result we obtain u,(z) >u,(x) for all a, JA, which contradicts the condition x P, . It
is follows P; O P;.
Finally, from Theorem 6 we obtain P, = P, . The theorem is proved.

We use assumption A2.1 and statements S2.3 and S3.2 in the proof of Theorem 7.
Corollary 3. If Assumption 3.2 holds and n =2, then P, =P, =P;.

Proof. From Theorems 6 and 7 it follows the proof of Corollary 3.
Corollary 4. If Assumption 3.2 holds and n = 2, then the sets P, and P, are compact.

Proof. From Theorem 2 and Corollary 3 it follows the proof of Corollary 4.

4. Examples and remarks

We will study some special examples. Here, we will analyze the basic characteristics of
optimality sets P,,, P, and P;.

Example 1. Let {u,}, 00O and u,(x) =u; forall xOD and forall a, JA.

First, we will consider the weak optimality allocations. If a, JA and xUOD, then
u,(y) 2 u,(x) forall yOD. We obtain the set

{y:yOD, Oa, A u;(y)2u,(x) and y #x }
Is nonempty. It follows the set P, is empty.

Second, we will consider the strong optimality allocations. If a, JA and xOD, then
u,(y)=2u,(x) for all yoOD and there does not exist yOD such that u,(y) #u,(x) for some
a, JA. We obtain the set

{y:yOD, Oa,JA u;(y)=u;(x) and (b, OA u,(y)Zu,(X)}
is empty forall xOD. It follows P, =D.

Third, we will consider the full optimality allocations. If a, A and x D, then there does
not exist y JD such that u, (y) >u,(x) forall a, JA. We obtain the set

{y:yQdD, Ua; OA u;(y) >u;(x) }
is empty forall xOD. It follows P, =D.

Incidentally, from Theorem 3 we have P, [ P, OO D and from P, =D it follows P; =D.

In this example we obtain:

(1) The Assumption 3.1 holds;

(2) The Assumption 3.2 does not hold;

(3) The set P,, isempty, P, #P, and P, =P;.

Remark 4. From Example 1 it follows the set P, can be empty.

Example 2. Let X' ={x:Xx(X,,X,,.,x,)00" &0<x; <v,0j0m]} for i0[Ln],
{u}' 00 and u,(x)=u, for all xOD and for all a, JA\{a,}, and u (x) = S x| for all
xUD.

Let zOD shutthat z' =0 forall a, JA\{a,} and z" =v.

First, we will consider the weak optimality allocations. We obtain the set

{y:yOD, Oa, A u,(y)=u,(z) and y £z}
is empty, therefore zOP,, . If xOD\{z}, then
z0{y:yOD, Oa, A u;(y)=u,(x) and y £ x }.

In result we obtain P, ={z} and the set P, is nonempty.

Second, we will consider the strong optimality allocations. We have u,(y)=u,(z) for all
a; JA and u,(z) >u,(y) forall yOD\{z}. We obtain the set



{y:yQOD, Ua; OA u;(y)=u;(z) and u,(y) >u,(2)}
is empty, therefore zOP, . If x OD\{z}, then
zO{y:yOD, Oa, 0A u,;(y)=u,(x) and u,(y) >u,(x) }.

In result we obtain P, ={z}.

Third, we will consider the full optimality allocations. We have there does not exist y 1D
such that u, (y) >u,(x) forall a, JA.We obtain the set

{y:y0D, Oa; OA u;(y) >u;(x) }
isempty for all x(OD. It follows P, =D.

In this example we obtain:

(1) The Assumption 3.1 holds;

(2) The Assumption 3.2 does not hold;

(3) The set P,, is nonempty, P, =P, and P, #Z P; .

Remark 5. From Example 2 it follows the set P, can be nonempty.

Remark 6. From Examples 1 and 2 we obtain the following statement: if there exists a, A
such that u, (x) =u,(y) forall x,yOD, then P, =D . We use that there does not exist y D such
that u, (y) >u,(x) forall a, A in the proof of this statement.

Example 3. Let for each a, A we have u;(x) = z}“:lxij forall xOD.

Let X,y OD are such that u,(y) = u,(x) forall a, OA.We have
S YW =Y LYY = YL Y X
In result we obtain u, (y) =u,(x) forall a, OA.
First, we will consider the weak optimality allocations. We obtain the set
{y:yOD, Oa, A u;(y)2u,(x) and y #x }
is nonempty for all xJD, i.e. the set P, is empty.
Second, we will consider the strong optimality allocations. We obtain the set
{y:yOD, Oa,0OA u;(y)=u,(x) and [, OA u,(y)>u,(X)}
is empty for all xJD, therefore P, =D.
Third, we will consider the full optimality allocations. We obtain the set
{y:yOD, Oa; OA u;(y) >u;(x) }
is empty for all x(OD, therefore P, =D.
Incidentally, from Theorem 2 we have P, [ P, OO D and from P, =D it follows P; =D.

In this example we obtain:

(1) The Assumption 3.1 holds;

(2) The Assumption 3.2 does not hold;

(3) The set P,, isempty, P, P, and P, =P;.

Remark 7. In Remark 6 we obtain the statement: if there exists a, [JA such that
u.(x)=u,(y) for all x,yOOD, then P, =D. From Example 3 we obtain that the converse
statement does not hold: if P, =D, then there exist a, JA such that u,(x)=u,(y) for all
xX,ytbD.

Example 4. Let for each a, A we have u;(x) = Z?ll\/XTj forall xOD.
1

ax?

Therefore it is strictly quasi-concave. In result we obtain that the functions {u,}._, are strictly quasi-
concave.

<0 for all x>0.

Function y = Jx for x=0 is strictly concave, because y" =-



From Theorem 6 it follows P, =P,.

In this example we obtain:

(1) The Assumption 3.1 holds;

(2) The Assumption 3.2 holds;

(3) The set P,, is nonempty and P, =P,.

Remark 8. There is P, =P, =P, for n =2 in Example 4. See Theorem 6, Theorem 7 and
Corollary 3.

Example 5. Let for each a; A we have u;(x) =y In1+ xij) forall xOD.

Function y =In(1+x) for x>0 is strictly concave, because y"= —ﬁ<0 for all
+X

x 2 0. Therefore it is strictly quasi-concave. In result we obtain that the functions {u,}, are strictly

quasi-concave.
From Theorem 6 it follows P, =P,.

In this example we obtain:

(1) The Assumption 3.1 holds;

(2) The Assumption 3.2 holds;

(3) The set P,, is nonempty and P, =P,.

Remark 9. There is P, =P, =P, for n =2 in Example 5. See Theorem 6, Theorem 7 and
Corollary 3.

Example 6. Let n=m>2, X' ={x:X(X;,X,,....X,,) 00" &0< x, <v,} for id[Ln], and
for each a, OA we have u,(x) =x| forall xOD.

Let zOD shut that for each i O[1;n] we have z; =v; and z| =0 for jO[Ln]\{i}.

First, we will consider the weak optimality allocations. We obtain the set

{y:yOD, Oa, JA u,(y)=2u,(z) and y#z}
is empty, therefore zOP,, . If x O D \{z}, then
zO{y:yOD, Oa, 0A u;(y)=u;(x) and y # x }.

In result we obtain P, ={z} and the set P, is nonempty.

Second, we will consider the strong optimality allocations. Let y (0D \{z} such that we have
u;(y)=u,(z) forall a, DA and u,(z) >u,(y) for some a, OJA. We obtain the set

{y:yOD, Oa, 0A u;(y)=u,(z) and Oa, OA u,(y)>u,(2)}
is empty, therefore zOP, . If x DD \{z}, then
zO{y:yOD, Oa, OA u;(y)=u,(x) and 8, OA u,(y)>u,(x)}.

In result we obtain P, ={z}.

Third, we will consider the full optimality allocations. Let y D \{z} such that we have
u;(y) >u,(z) forall a, OA.We obtain the set

{y:yOD, Oa, OA u;(y)>u;(2)}
is empty, therefore zOP, . If x OD\{z}, then
zO{y:yOD, Oa, OA u;(y)>u;(x) }.
In result we obtain P, ={z}.

In this example we obtain:

(1) The Assumption 3.1 holds;

(2) The Assumption 3.2 does not hold;

(3) The set P,, is nonempty and P, =P, =P;.



Remark 10. Let n =m > 2 in Example 6. In this case we have P, =P, =P; .
Remark 11. For Example 6 it follows P, =P, and P, ZD.
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